We consider the possibility of parametric amplification of a mechanical vibration mode of a nanowire due to its interaction with a Bose-Einstein condensate (BEC) of ultracold atoms. The magneto-mechanical coupling is mediated by the vibrationally modulated magnetic field around the current-carrying nanowire, which can induce atomic transitions between different hyperfine sublevels. We theoretically analyze the limitations arising from the fact that the spin inverted atomic medium which feeds the mechanical oscillation has a finite bandwidth in the range of the chemical potential of the condensate.
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There is a tremendous potential in developing new quantum technologies via hybrid quantum systems in which laser controlled atomic and electronically controlled solid-state systems are coupled to make use of the best of the components [1] . The prerequisite for useful quantum interfaces is the realization of a coupling strong enough to mediate quantum properties between degrees of freedom of a completely different nature, such as spin, electronic state, translational motion and vibration. The mechanical motion of a massive object above molecular weights is particularly challenging to manipulate at the quantum level. The prominent example for interfacing motion with a well-controlled degree of freedom is optomechanics [2] in which the vibrations of an optical element, such as a membrane with a reflection coating, are coupled strongly to a radiation field mode of an optical resonator.
Bose-Einstein condensates (BEC) are attractive for creating hybrid systems since they can be manipulated and detected at the fundamental quantum noise level in all of their degrees of freedom. The collective BEC state greatly enhances the sensitivity of the internal hyperfine dynamics to external magnetic fields [3, 4] . Making use of this collectivity, recent proposals analyze the "magnetomechanical" coupling between a BEC and a magnetized cantilever [5] [6] [7] .
A particularly versatile interface could arise from the controlled coupling of BEC and carbon-based nanostructures, such as a nanotube or a graphene sheet, since these, besides having good mechanical properties as oscillators, can be contacted and driven electronically. In recent experiments, static electric interactions between laser cooled atoms and a carbon nanotube [8] and van der Waals type interactions between BECs and carbon nanotubes [9, 10] have been detected. The Casimir-Polder force exerted by laser-controlled ultracold atoms on graphene may create ripples in the membrane [11] . This magnetic coupling between atoms and carbon nanostructures with its high degree of controllability opens the door to many applications. For example, the BEC atomic spin is suitable for measuring the current noise spectrum through a nanowire [12] .
In this Letter we consider the strong magnetomechanical coupling regime in which the BEC is not merely a probe but has a significant backaction on the oscillation of a nanowire. Such backaction of a BEC on the motion of a massive object has been demonstrated by optomechanical coupling [13] . For the case of magnetic coupling, we find a parametric amplification-type interaction which can result in a fast coherent transfer of the internal energy stored in the hyperfine structure of atoms to vibrational energy of a remote object. The atoms of the BEC are magnetically trapped in the low field seeking, excited spin state. Therefore, spin flips are accompanied by releasing energy that can eventually be absorbed by the oscillations.
The atomic condensate. We consider magnetically trapped ultracold 87 Rb atoms in the hyperfine state F = 1, m F = −1. Trapping originates in the inhomogeneous Zeeman termĤ Z = g F µ BF B(r), where g F = −1/2 is the Landé factor, µ B is the Bohr magneton, and the atomic spinF is measured in units of . The dominant component of the magnetic field is a homogeneous offset field B offs in the z direction. The eigenstates of the spin componentF z are then well separated by the Zeeman shift. These are the magnetic sublevels labelled by m F = −1, 0, 1. On top of the offset field, there is a weak inhomogeneous term which creates a harmonic potential around the minimum of the total magnetic field. The atoms are then subject to the static potentialV
with M being the atomic mass and ω r and ω z being the transversial and longitudinal trapping frequencies, respectively.
The trap is confining only for the m F = −1 species and we assume a pure BEC with a Thomas-Fermi wave function tering parameter g, and number of condensate atoms N [14] . The condensate has ellipsoidal shape with a parabolic density distribution. The time dependent Gross-Pitaevskii equation is satisfied by the field operatorΨ −1 (r, t) ≈ Φ bec (r)e −iω bec t with BEC oscillation fre-
Atoms in the hyperfine sublevel m F = 0, described by the second quantized field operatorΨ 0 (r), are not trapped magnetically but scattered by the BEC, leading to an effective scattering potential µ 0 (r) = gΦ 2 bec (r) for this state. In the course of the dynamics, the BEC of m F = −1 atoms is considered as a reservoir from which the m F = 0 atoms can be created via electromagnetic transitions, and we neglect the depletion of the condensate due to transfer of atoms to other spin states, as well as the population in the sublevel m F = 1 (i.e., Ψ 1 ≈ 0). We can then replace the spin raising operator withF + = √ 2Φ bec (r)Ψ † 0 (r)e −iω bec t . Furthermore, in accordance with the Thomas-Fermi approximation, we neglect the kinetic energy also for the spin component Ψ 0 (r): The uncoupled second quantized atomic Hamiltonian then reads
Coupling to the vibration of the nanowire. We now consider a nanowire of length L suspended along the z-axis at a distance d from the atomic condensate (see Fig. 1 ). As it vibrates, d changes by its effective transverse displacement, which we express with the oscillator operatorâ of the fundamental vibration mode in the y direction,q y = ( /2m eff ω nw ) 1/2 (â +â † ). The magnetic field of the current-carrying nanowire at point r with respect to the BEC center, B nw (r), is thus modulated by the vibration, and even though its magnitude is negligible with respect to the offset and trapping fields, the ac component may induce hyperfine atomic transitions if resonance occurs. Resonance can be achieved by tuning the BEC oscillation frequency ω bec near the mechanical vibration frequency ω nw . Expanding the magnetic field up to first order inq y ,Ĥ ac = g F µ BF ∂ y B nw (r)q y , the ac Zeeman term becomes
with a complex coupling strength incorporating all the spatial structure of the magnetic field of the nanowire,
The magnetic field of a short nanowire (L d
In these two limits, the coupling strength at the BEC center reads
The exact form of B nw (r) is, for the moment, not essential.
Let us now consider the orders of magnitudes. The chemical potential µ of the BEC is typically in the kHz range. This is well below the usual vibrational frequency of a nano-structure (a carbon nanotube, for example) which can be above 100 kHz. This huge frequency difference is bridged by the Zeeman shift of the magnetic offset field: the Larmor frequency for condensate atoms, ω L = |g F |µ B B offs / , is set close to the vibrational frequency ω nw to achieve quasi-resonance. Much smaller is the collective coupling strength
which is also in the kHz range. This separation of time scales implies energy conservation and justifies the rotating wave approximation: Since the energy of an atom is always higher in the BEC than in the non-trapped sublevels, the energy released when an m F = 0 atom is created (transitioned from the BEC) will cover the energy needed for creating a vibration quantum. In a rotating frame, where the vibrational amplitudes oscillate at the BEC oscillation frequency, we can neglect the rapidly rotating termsΨ † 0â andΨ 0â † while keeping only the quasiresonant ones. In this rotating wave approximation, the uncoupled and interaction Hamiltonians read
with detuning ∆ = ω nw − ω offs . Solution to the equation of motion. In the following, we focus on the transient dynamics of the system. The corresponding Heisenberg-Langevin equation of motion for the mechanical vibration and spinor field operatorŝ a andΨ † 0 (r) is linear and can be formally solved using Green's functions. The forward propagator G
izt dt can then be easily obtained using the resolvent method [15, 16] ,
where κ is the spectral line width of the mechanical oscillator. All the detail about the losses of the atomic media (namely, the spin loss rate γ from the hyperfine sublevel m F = 0) and its coupling to the mechanical oscillator is incorporated into the level-shift function, defined for Im z > −γ as
where the coupling strength, weighted with the density of states, is expressed by the coupling density function
If the spin loss rate γ is much smaller than the inhomogeneous width of the m F = 0 hyperfine band (which is in the range µ/ ), then we may write the real and imaginary parts of the level-shift function on the real axis as
where P stands for the principal value. In our harmonic trap geometry, assuming that the spatial extension of the BEC is much smaller than its distance from the nanowire (r d), we have ρ(ω) = 15N η 2 2 ω √ µ − ω/(4µ 5/2 ). Numerical results taking the spatial dependence of η(r) into account are shown in Fig. 2 .
It is worth mentioning that if ρ(ω) is a sufficiently smooth function of the real variable ω, Eq. (8) defines a complex analytic function with a branch cut below the real axis, along the line ω → ω − iγ, as illustrated in Fig. 3 . The imaginary part of K(z) has a jump of 2πρ(Re z) when passing through the cut line from above. Equation (7) also shows this discontinuity. In addition, the forward propagator may also have polar singularities in the upper half of the complex plane, that influence the region of convergence of the Fourier-Laplace transforms and should be taken into account when calculating the inverse Fourier transform, where
is the residue of G + aa (z) at the pole z k , and only poles above the real axis are considered. These poles are responsible for a vibration amplitude exponentially growing in time.
Parametric amplification threshold. The system defined in Eqs (5) and (6) shows similarities with nondegenerate parametric amplification [17] , where two oscillator modes a and b are coupled by the interaction HamiltonianĤ int = Ωâ †b † + H.c., and the amplification has a threshold: the amplifier gain should compensate the losses, characterized by the decay rate κ and half spectral linewidth Γ of the two oscillators. This condition is Ω 2 th = κΓ for the resonant case ∆ = 0. In the present Letter, oscillator a is instead coupled to a continuum of oscillators Ψ 0 (r), which is inhomogeneously broad due to the energy µ 0 (r) of the atom field. The breadth of the continuum is of the same order of magnitude as the collective coupling strength (4), and cannot be neglected. It is, therefore, an important question how the structure of our inhomogeneous broadening affects the threshold.
For a broad medium, we give the threshold in terms of the collective coupling strength. For that, we introduce the dimensionless coupling density function ρ(x) = (µ/ Ω 2 )ρ(xµ/ ), which is normalized as ρ(x) dx = 1. Amplification occurs if (7) has a pole z * with positive imaginary part. For a given collective coupling strength Ω and detuning ∆, in Fig. 3(a) ] gives z values satisfying the real part of the equation, while the curve of intersection of the surface Im K(z) and the plane Im z +κ [yellow curve in Fig. 3(b) ] gives z values satisfying the imaginary part. The point of intersection of the two curves (green and yellow) gives the pole z * corresponding to the given Ω and ∆.
Let us now focus on the imaginary part of the characteristic equation. If κ > 0 and the coupling is weak (Ω ≈ 0), then the plane in Fig. 3(b) is almost vertical [note that K(z) is proportional to Ω 2 and the figure is rescaled], so no pole with positive imaginary part can exist. The slope of the plane decreases by Ω, and a pole with zero imaginary part can emerge as Ω reaches the threshold Ω th ,
assuming γ µ/ . Noting that the statistical half-width of ρ(ω) is 0.23 µ/ , this result is in accord with the naive picture of treating the atomic medium as a single oscillator. However, we have a nonzero detuning pertaining to this critical pole: the real part of the characteristic equation yields, ∆ th = µx + Ω 2 th µ P ρ(y) dy x − y ≈ 2 3 µ + 0.13κ, (13) with an x for which ρ(x) is maximal. This behavior is due to the asymmetry in the coupling density function, which is not negligible on the threshold energy scales.
Conclusions. To give a figure of merit, we consider a BEC of N = 6 × 10 4 atoms in a magnetic trap with trapping frequencies ω r = 2π × 500 Hz and ω z = 2π × 200 Hz corresponding to a chemical potential µ/ = 43 kHz and spatial dimensions 5 µm × 5 µm × 13 µm. At a distance d = 4.5 µm from the BEC center, a carbon nanotube of length L = 2 µm is suspended, carrying a current I = 20 µA and vibrating at a frequency ω nw = 2π × 80 kHz with effective mass m eff = 7 × 10 −22 kg, quality factor Q = 10 5 , and decay rate κ = ω nw /Q = 5 Hz [6, [18] [19] [20] [21] . This corresponds to a collective coupling constant Ω = 227 Hz, whereas Eq. (12) gives for the threshold Ω th = 219 Hz, which is in the same range.
Our calculations confirm that significant coupling is feasible between two systems of essentially different nature, namely, the mechanical vibration of a nanowire and the collective hyperfine electronic structure of a BEC. The parametric amplification threshold estimated in Eq. (12) is within reach. This strong magnetic coupling opens the route towards interesting possibilities, such as manipulating the mechanical vibration of the nanoscale oscillator by continuously driving the hyperfine dynamics of the BEC in order to re-pump the lost m F = 0 atoms back to the condensate.
